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Review

Consider the Time-dependent heat equation on the real line

SI ,
NEM

,

to

u(x , 0) = f(x) .

Define
H(x)= ,

ER
,
As

Let S(R) denote the Schwartz space.
Then

21(, + = 4* #(x)
,
(x , t) =IRx R+

is a solution of the heat equation

-Y = A on 1 x R+

E im U(x,+) = f(x).

However
,

It is not the unique solution. For instance,

i = f* (x) + AHE) is another solution.



f . Given a function USX ,t) on 1RX1R+, we

say that 21),t) belongs to SCRR) uniformly
in t if 2# ESCI) for all t > 0

,
and moreover

,

for each T>0, and each R
,
l IO.

sup / y . (x,t) . .
X EIR

Ot < T

checki #
.
It (x) does not belongs to SSIR)

uniformly in t.

Because /Ht(x)) = SupH(v)
Ost < T Ost < T

=>

sup t
=+ 00

.



Thm (Uniqueness).
Let He CPRXR+ ) 1 C)/y [0 ,0) .

suppose It satisfies the following properties.

O E = G on RRX1R+,

U(x , 0) = 0 for all xe &R
;

③ U( :, t) E S(R) Uniformly in t.

Then U(x , t) = 0 on 1Rx1+.

Pf .) Energy method)

Define for t20,

Est) = So /U(x ,t)P dx

In particular , ECO) = 0 , ECt) 20 for tI0
.



Observe that

E(t) = SlU(xit) dx
By (DCT(

T

/
-

- -> (u(x ,+1)dx
Here we need

to use UE CP(IRX(R+ )

and2),tE SR
= St(u(x ,t) xit) dx

= So (2U(x,t1) · With

+ U(xit) CH(x+) &X

=>So C . I + U · A dx

Integration by Parts
-

- -So A.
+ 4 .At -So. d



-St .Ad
=-2/" dx

& O
.

Hence ECt) is a non-increasing function
on 10 , 0).

But Ecol = 0
,
so E(t) < O for t > 0

·

However
, by definition ECt) <0

.

As a consequence,

ECt) = O for all -20. .

That is

S/u(x ,t)) dx = 0.

=) U(X ,t = O
. #



Prop .

Let ffSCR) and let

2(x ,t = f * H(x) .
Then
2) t) E SCIR) uniformly in

t in the sense that

sup 1 x Nc (* *)
XEIR

Ost < T

for any T>0 and k
,
20.

Pf. Without loss of generality ,

we only
Prove (** ) In the care when R = 1

,
f = 1.

Let T > 0.

24(xit) , (2Mi3)π <3 t

= 241 3 . (3) · e
-4432t



[2Hix). Gt voi b7cm) e4TTs e
By Inversion formula,

- 2πix.t

= S idF(3)-

- 4 + 3 t)
ziid

d3

So

sup 2+ /- (x ,t
XEIR

ostT sur(id Fa,
4 Tists

a
m

(***



=sup SiR((***) se

Notice that

(** *) = 2πi[(3-(3)'e
4 Tt t

+ 37(3) . -
- 44232t

. (8+3 +)]
Hence

((***)) -> 2π · /(E (3) "I

+ 16 π2/5 < F (3)/ ..
Hence

suc [,/* **)(d
- 24(1)Ids

< 0.

+ 1642 Sir 13"FB)/d3 ·



Application < : Steady state heat equation
on the upper half plane.

I

E ↳Fustemperation
disbii e

x(

(2)

Now we use Fourier tansform to derive a solution

by some formal arguments.

Taking Forier transform in x-variable in 0 gives

(2πi3)"π(3 , 4) +
Bi

o

That is
,

,
3)
- 44132 4 (3 ,

4)a



For fixed 5
,

the above is a Linear 2nd order ODE.

The general solution is
- 2π(3/y

4(3 , y) = A(3)e + B(5)2
2π/31 : y

We remove the second part since it
is rapidly increasy

Therefore
(3 ,

y) = A(3)e
- 2π/1y.

Taking 4= 0,

(3
,
0) = A(3) = f(3)

That is

(3 , y)
= E3) . 2π/14

.

Now we introduce the Poisson Kernel on

the upper half place :

By(x) = + tyn
· XEIR

,
470



Him : Py(3) = e
-2π//i

for $30
.

Hence 4(3 .
4) = <(3) · By(3)
-

=> f * Py (3) .

By Inversion formula,

Mem* By (1) , XER , 450 .

Lem I
.

Se
-2πX/y-2πi3dX
= By(3)

So Py(1 -
Mi3 *

d3 =
2πx



Pf. Remember for a so,
-a/x 2TC -->

Letting a= 2+y gives

v2π(x)
Es &N = . TC

= By(3)
.

This proves D .

By D and Inversion formula,
-2πy/x)S3y(3)e+ 2Ni3 * d = e

Taking complex conjugate on both sides
gives ②


